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Abstract

In this study, the dynamic behaviour of cylindrical helical rods made of linear viscoelastic materials are
investigated in the Laplace domain. The governing equations for naturally twisted and curved spatial rods
obtained using the Timoshenko beam theory are rewritten for cylindrical helical rods. The curvature of the
rod axis, effect of rotary inertia, and shear and axial deformations are considered in the formulation. The
material of the rod is assumed to be homogeneous, isotropic and linear viscoelastic. In the viscoelastic
material case, according to the correspondence principle, the material constants are replaced with their
complex counterparts in the Laplace domain. Ordinary differential equations in scalar form obtained in the
Laplace domain are solved numerically using the complementary functions method to calculate the
dynamic stiffness matrix of the problem. In the solutions, the Kelvin model is employed. The solutions
obtained are transformed to the real space using the Durbin’s numerical inverse Laplace transform method.
Numerical results for quasi-static and dynamic response of viscoelastic models are presented in the form of
graphics.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The dynamic behaviour of helical bars and curved rods is an important engineering problem. In
practice, helical bars are used as structural elements known as helical stairs and as mechanical
elements in vehicle suspension systems and motor valve springs. To simplify the analysis, it is
generally assumed that the material is elastic. However, in reality, the materials are vicoelastic due
to internal friction, and thus the viscoelastic constitutive relations yield more realistic results than
the elastic constitutive relations with regard to the material behaviour.
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In many research papers, the dynamic response of viscoelastic materials are investigated using
various models.

The application of the Laplace transform to viscoelastic beams was presented by Fliigge [1].
Kiral et al. [2] presented the equations of motion for viscoelastic curved rods, although they did
not solve the problem effectively.

Findley et al. [3] used the correspondence principle and the superposition principle for solving
the governing equations of the viscoelastic beam. Christensen [4] reported the transient response
of the viscoelastic beam using the Fourier transform. The above studies are based on the fact that
the governing equations of viscoelasticity can be converted to the equations of elasticity by
integral transformations. For complex geometries and constitutive relations, closed-form
solutions are often not possible and numerical solution techniques should be adopted.

The application of the finite element method to the complex geometry has been presented by a
number of authors. White [5] used the constitutive law of hereditary integral type, in which the
time interval form is approximated by the finite difference method to perform a finite element
analysis in a quasi-static problem. Adey and Brebbia [6] used an approximate inversion procedure
to obtain the inversion solution of the associated elastic problem. Chen and Lin [7] studied the
dynamic response of a beam using a creep law of time hardening to model the viscoelastic
material. Yamada et al. [§] reported the natural frequency of a viscoelastic beam and a rod.

Chen [9] studied the linear viscoelastic Timoshenko beam for quasi-static and dynamic
response. He assumed that the Poisson ratio is constant and only the elasticity modulus is
viscoelastic. The relaxation modulus is expressed by the same Prony series for both normal stress—
strain and shear stress—strain relations. The hybrid method is used to remove the time parameter
using the Laplace transform and the associated equation is solved using the finite element method.

Akoz and Kadioglu [10] examined a mixed finite element for elastic circular beams using
Gateaux differential. Using a similar approach, Akéz and Kadioglu [11] studied the quasi-static
and dynamic analysis of viscoelastic Timoshenko and Euler—Bernoulli beams. Kadioglu and Akoz
[12] also studied the general forms of relaxation modulus for both the Poisson ratio and Young
modulus for quasi-static and dynamic response of circular beams. In order to remove the time
derivatives from the governing equations and boundary conditions, the method of the Laplace—
Carson transform was utilized.

Ilyasov and Akoz [13] examined static and dynamic behaviour of plates. The viscoelastic
constitutive equations were written in the Boltzmann—Volterra form.

Park and Schapery [14] presented and tested a numerical method of interconversion between
modulus and compliance functions when the given and predicted functions are based on a Prony
series representation of transient functions. Schapery and Park [15] proposed and verified a simple
approximate interconversion method by examples. Park [16] examined different approaches to the
mathematical modelling of viscoelastic dampers and compared their theoretical basis and
performance.

Kim and Kim [17] studied the parametric instability of a laminated beam subjected to a periodic
loading. The governing equations were derived from Hamilton’s principle with Bolzmann’s
superposition principle for linear viscoelastic constitutive equations.

Furthermore, the viscoelastic behaviour of materials has been studied by researchers. Various
methods using three-parameter solid, Maxwell and Kelvin models have been presented for the
analysis of such problems [18-26].
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As mentioned above, the viscoelastic models are commonly used in structures like straight
beams, plates and shells. However, to the best of the present authors’ knowledge the viscoelastic
analysis of helical bars has not been reported yet.

In this study, quasi-static and dynamic response of viscoelastic helical rods under time-
dependent loads are investigated in the Laplace domain. The governing equations for naturally
twisted and curved spatial rods obtained using the Timoshenko beam theory and Frenet’s
formulation are rewritten for cylindrical helical rods as in Refs. [27,28]. The curvature of the rod
axis, effect of rotary inertia, and shear and axial deformations are considered in the formula-
tion. More advanced beam theories include the effects of initial twist and curvature (see, e.g.
Refs. [29-33]). The aim of the present work is to demonstrate the application of an efficient
method to the viscoelastic case rather than developing an advanced beam theory including the
initial twist and curvature effects on the kinematic and constitutive relations. The formulation to
be developed will include the initial twist and curvature effects on the kinematics but exclude their
effects on the constitutive equations as in Refs. [27,28]. In the viscoelastic material case, according
to the correspondence principle, the material constants are replaced with their complex
counterparts in the Laplace domain. Viscoelastic counterparts of both the Poisson ratio and
elasticity modulus are used in the formulation. The dynamic stiffness matrix of the problem is
calculated in the Laplace transform space by applying the complementary functions method [34]
to the differential equations in canonical form. The solutions obtained in the Laplace domain are
then transformed to the time space using the Durbin’s inverse Laplace transform method [35-37].
This provides great convenience in the solution of the problems having general boundary
conditions. The desired accuracy is obtained by taking only a few elements as opposed to high
number of elements (in the order of hundreds) needed in finite element analysis. Ordinary
differential equations with variable coefficients can also be solved exactly in the Laplace domain
by using the complementary functions method. In the solution of viscoelastic helical rods, the
Kelvin model is considered. Numerical results for elastic-static, quasi-static, elastic-dynamic and
viscoelastic dynamic responses of helical rods are presented.

2. Rod geometry

Consider a naturally curved and twisted spatial slender rod. The trajectory of geometric centre
G of the rod is defined as the rod axis and its position vector at = 0 is given by r’ = r’(s, 0),
where s is measured from an arbitrary reference point s = 0 on the axis (Fig. 1a).

Let, at any time ¢, a moving reference frame be defined by unit vectors t,n, b with the origin of
the axis of the rod is chosen such that

or'(s, t)
os

(1)

where t, n and b are unit tangent, normal and binormal vectors, respectively. The following
differential relations among the unit vectors t,n,b can be obtained with the aid of the Frenet
formulae [38]

Ot/0s = yn, 0On/0s =1h — yt, 0b/ds = —1n, (2)
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Fig. 1. The rod geometry.

where y and t are the curvature and the natural twist of the axis, respectively. A second
rectangular frame (x, x», x3) is introduced such that the x; axis is in the direction of t, and x3, x3
axes are the principal axes of the cross-section (Fig. 1b). Let i}, i, and i; be the unit vectors along
x1,x2,x3. From Fig. 1b Eq. (3) can be written as

t=1i;, n=iycosf—i3sinf, b =1i,sin6 +izcosb. 3)

3. Governing equations

Let the displacement of a point on the rod axis, and the rotation of the cross-section about an
axis passing through G be denoted by U°(s,7) and Q(s, ), respectively. Also, let y°(s, ) and
o°(s, t) denote extension and rotation of the unit length on the rod axis, respectively.

On the other hand, let T(s,7) and M(s,?) denote, respectively, the resultant of the internal
stresses acting on the cross-section, and the resultant moment obtained when T(s, ) is carried to
the geometric centre G. Also let p**(s, £) and m**(s, r) be the external distributed load and moment
per unit length of the rod axis.

Assuming infinitesimal deformations, the equations of geometric compatibility and the
equations of motion are, respectively, given by [39]

oy’ 0’
0 = tx Q° O =— 4
V=t tx 0= “4)
oT? i oM° )
— - p =p™ Lt x T’ +m) =m™. (5)
os os
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The inertia force and moment p” and m” are defined as

i _ o U i _ 0*Q°

pi pA Wa ml _pll atzl (l: tan9b)9 (6)

where p is the mass density.

Assuming that the centroid and the shear centre of cross-section coincide; that the normal and
binormal axes are the principal axes; that the effect of warping is ignored; and that the material of
the rod is homogeneous, linear elastic and isotropic, then the constitutive equations are

T? = Ay}, M7 = Dyo; (i,j = t,n,D). (7)
Ajj and Dj; are defined as
EA 0 0
[Al=| 0 GAjom 0 |, ®)

0 0 GA/OCb

G, 0 0
[Dl=| 0 EL 0 |, ©)
0 0 EI

where A4 is the cross-sectional area, E and G are the elastic constants, o, and o, are the shear
correction factors, I; is the torsional and [, I, are the bending moments of inertia. For o, and o,
the Reissner’s correction factor 6/5 is used in the present analysis. Note that although the effects
of initial twist and curvature are included in the kinematic equations, these effects are neglected in
the constitutive equations [27,28].

Equations of geometric compatibility and equations of motion are derived under the
assumption that the displacements and their gradients are infinitesimal. The largest dimension
of the cross-section is small compared to the radii of curvature and twist of the rod axis. Also, the
effect of warping of the cross-section is ignored.

The equations of geometric compatibility (4) and the equations of motion (5) are valid
irrespective of the constitution of the rod material. Thus, there are four vectorial equations in six
vectorial unknowns, namely, U’, Q°, T°, M’, y° and ®°. The remaining two equations necessary
for the determination of these unknowns are the constitutive equations.

4. Laplace transforms of the governing equations

For the case of forced vibrations, a column matrix Y(s, 7) is introduced as
Yis,0) = (U}, UQ, Up, @0, Q5 @5 TP, Tg, Tg, MY, Mg, Mg}". (10)
The Laplace transform of Eq. (10) with respect to time L[Y(s, )] = Y(s,z), for > 0 is defined as

Y(s,2) = /0 : Y(s,t)e " dt, (11)
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where the Laplace transform parameter z is a complex number. With the aid of these definitions,
Egs. (4) and (5) are reduced to a set of 12 first order non-homogeneous ordinary differential
equations
dY(s, 2)
ds

Some of the elements of F(s, z) are obtained by applying the Laplace transform of the following
second derivatives

= F(s,2)Y(s, z) + B(s, 2). (12)

orU? _ oU(s,0
L[pA azzk] — pA [zz 07 — zU%(s,0) — %}
200 5095, 0) (k = t,n,b). (13)
k| _ 2A0 0 k\P>
L |:p[k 812 :| = p[k |:Z Qk — ZQk(S, 0) — T:|

The second and third terms on the right side of Eq. (13) are the initial conditions given at ¢t = 0.
The elements of the column matrix B(s, z) are

Bi(s,2)=0, (i=12,...,6),

D =(ex 0 aUO(S’ 0) .
Byj(s.2) = ~(7™) — pA [zUk(s, 0) *%71] (j=123),

09(s,0)
ot

Note that the initial conditions present in Egs. (13) are now included in the load vector B(s, z).

By i(s,2) = —(n’a/(,fx)) — ol [ZQZ(S, 0) + ] (k=tnb). (14)

5. Effect of damping

The case of internal viscoelastic damping is treated with the help of the correspondence
principle, as described, for example, in Ref. [40]. The constitutive law of the Kelvin viscoelastic
model is

de..
sl-j—ZG(eij—i—g—U), (15)
dt
where G is the shear modulus and ¢ is the internal damping coefficient. Here, the deviatoric stress
and strain tensors s; and e; are defined in terms of the stress and strain tensors o; and ¢,
respectively, by

Sip = 05 — O3 Okks € = &j — Ojj 3 s (16)
with 6; being the Kronecker’s delta and repeated indices indicating summation. The
correspondence principle can be stated as follows: the Laplace transform of the viscoelastic

solution can be obtained from the Laplace transform of the elastic solution by replacing the elastic
constants G and A (Lameé constant) by [40]

2
Gy=G(1+gz2), A =4 +§(G — Gy), (17)
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or the elastic constants £ and v by

£ — E(1+gz) . 3v—(1—-2v)gz
T4 =2v)/3lg2 " 34+ (1 —2v)gz’

(18)

where E, and v, are viscoelastic material constants, and z is the Laplace transform parameter.

6. Special cases

The spatially curved system is taken as a special case of a helical bar. The parametric equation
of a helix is [34] (see Fig. 2)

X=acos¢, y=asing, z=ho, (19)

where ¢ is the horizontal angle of the helix. The infinitesimal length element of the helix is defined
as

h
c=Va*+h, ds=cdp, cosoa= %, sino = > (20)

Fig. 2. Geometry of a cylindrical helix.
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where o and « are the pitch angle and centreline radius of the helix, respectively. The curvatures of
a cylindrical helical spring are

a h
1=—5= constant, 7= — = constant. (21)
C C

The relationship between the moving triad (t, n, b) and the fixed reference frame (i, j, k) are (Fig. 2)

Vi —(a/c)sing  (a/c)cosp  (h/o) | (Vi
(Vigp =BUVILS Vi p=| —cos¢ —sin ¢ 0 Vi ¢, (22)
Vi (h/c)sin¢p  —(h/c)cos¢p (a/c) Vi

where V;, V;, V. are the vector components in the fixed reference frame and V;, V,, V), are the
vector components with respect to the moving triad.
Non-dimensional parameters in the Laplace domain are defined as

02

- 1 - - — c
U = - vy, Q=9 T = I, 7, M= E—I,ZM’O (i=t,n,b). (23)

It is assumed that the n, b axes become the principal axes, and the effect of warping of the cross-
section is ignored. Now, equations obtained as a result of elimination of y° and @’ between the
transformed equations of compatibility (4) and the transformed constitutive equations (7)
together with the transformed equations of motion (5) form the governing equations of the
dynamic response of initially curved and twisted viscoelastic bars. Finally, using Egs. (20), (21)
and (23), the governing equations in canonical form are given as follows

dU, a - EI,

w_;Un+EA2T (24a)

CLZ" = =20+~ ! “ U+ Oy + g”il’; T, (24)

0 _0g ho,Ey, a0

‘611_2 p’zizz T, + % T, + B, (242)

dT, pAcz? o - 97, +éTb + B, (24h)
dp ~ EI, e
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dT, pActz? h - = .
= g U Tt B (241)
dm, 1,3z a )
dqﬁt ple Q,+ M, + By, (24j)
dm, c h
7 ”EZ Qu+ Ty — —Mt+ My + B, (24k)

dM, B plycz?
d¢  EI,

Irrespective of the rod geometry, the following four cases may now be distinguished:

Case 1: Static loading, elastic material.

Case 2: Static loading, viscoelastic material (quasi-static case).

Case 3: Dynamic loading, elastic material.

Case 4. Dynamic loading, viscoelastic material.

In the cases of static loading, the terms including mass density in Egs. (24g)—(241) become null,
irrespective of the rod material being elastic or viscoelastic. When the rod material is viscoelastic,
elastic material constants are replaced with the viscoelastic counterparts as shown in Egs. (17)—(18).

- - h - -
Q—1T, — EMn + By». (241)

7. Solutions of the differential equations with the complementary functions method

Eqgs. (24a)-(24]) make up a set of 12 simultaneous differential equations with constant
coefficients. Each one of these equations involves first order derivatives with respect to position.
The relationships given for the dynamic loading case in the Laplace space in Ref. [34] are modified
to be used for the viscoelastic material cases. In matrix notation, Eqgs. (24a)—(241) can be expressed
as

dY _ _ _
B =RV + B2 ©3)
For the case of a spatial bar, the elements of the state vector are defined as
Y(¢,2) = {U($,2), 26,2), T($,2), M(¢,2)} " (26)

The complementary functions method is based on the principle of solving Eq. (26) with the aid
of initial conditions. This method is basically the reduction of two-point boundary value problems
to the numerical solution of initial-value problems which are much more suitable for
programming. The general solution of Eq. (26) is given by

12
Y42 = Cu0"(¢,2) + V(. 2), @27)

m=1

where U")(¢, z) is the complementary solution such that its mth component is equal to 1, with
other components set equal to zero, V(¢,z) is the inhomogeneous solution with all zero initial
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conditions and the integration constants C,, will be determined from the boundary conditions at
both ends.

8. Determination of the dynamic stiffness matrix

The element equation is given in the Laplace domain by
) = [K]{d} + {f}. (28)

There are six degrees of freedom at each node; three translations and three rotations. Letting i
stand for the beginning and j for the end of an element, the end displacements and the end forces
are given as

{&}T = {ﬁ((pn Z)’ Q(¢ia Z)a I_J((]b], Z)a Q(qua Z)}a (29)
{I_)}T - {T((ﬁ“ Z)’ M(d)ia Z): T((i)ja Z)a M(¢j: Z)} . (30)

In order to determine the element stiffness matrix, the end displacements of the element as
defined in Eq. (29) are equated to unity for any one of the 12 directions while keeping the others
zero. This is done 12 times using each equation. From the homogeneous solution of system (24),
the element end forces are obtained, and these forces are incorporated into the element dynamic
stiffness matrix.

The fixed-end forces are computed from Eq. (24) by taking all the end displacements to be equal
to zero.

{f}T = {_T(d)l’ Z)a _M(¢i’ Z)v T((i) > Z): M((i)v Z)} . (3 1)

For the transformation to the common reference system, the following equations are used:
(K] = [T]" [k],,,,[T], (32)
e = [T {F} s (33)

where the transformation matrix [T] is given by

[B(¢)]  [0] [0] [0]
0] [B(¢)] [0] [0]
[0] [0] [B(¢pl [0] ’
0 [ [0  B@)]| .,

1] = (34)

and [B] is defined in Eq. (22).

In this study, both the element dynamic stiffness matrix | k | and the fixed-end forces {f} are
determined by solving Eq. (24) by the Complementary Functions Method in the Laplace domain.
The system of the equations of motion can then be assembled from the element dynamic stiffness
matrices and end forces as

[K()]{D} = {P(2)}, (35)

where [K(z)] and {P(z)} are the system dynamic stiffness matrix and the load vector. {D} is the
vector of unknown displacements of the system.
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9. Numerical example

In this study, a general-purpose computer program is coded in FORTRAN77 for time-
dependent loadings in order to analyze quasi-static and dynamic responses of cylindrical helical
rods made of linear viscoelastic materials. Butcher’s fifth order Runge—Kutta algorithm [41] is
used for the solution of the initial value problem based on the complementary function method.
Forty steps of integration are used in the analysis. The Durbin’s inverse Laplace transform [35,36]
is applied for transformation from the Laplace domain to the time domain.

Example. A cantilever helical rod is now considered. The parameters used in this example are
those used in Ref. [34] for the elastic material. Various dynamic loads are applied on the free end
of the rod. Material and geometrical properties are: d = 12 cm, o = 25.522834°, @ = 200 cm,
E =2.06 x 10" N/m?, p = 7850 kg/m* and v = 0.3 (see Fig. 3). Various dynamic loads with
amplitude P, = 10° N are applied vertically at the free end of the rod. A time increment At of
20 ms is used in the calculations. An internal damping coefficient g = 0.02 is used for all cases. It
is well documented that increasing the damping coefficient decreases the amplitude of the dynamic
response [9,11].

Non-dimensional vertical displacement at the free end and non-dimensional shear force
bending moment at the fixed end, are shown in Figs. 4a—d and 5a—d for different loading cases.

The dynamic behaviour of the viscoelastic helical bar will eventually disappear and it will
approach the static state. The moment Mz is equal to zero under static loads. However, in the case
of dynamic loads, due to inertia forces it assumes values different from zero (see Figs. 4d, 5d).

P(t)
d=x

P(t)

Pq

S

Cross-section

t(sec.)

Step Load

PySin(t 7/0.4)

~

0.4 t(sec.)

Py

Sinusoidal Load

(@) (b)
Fig. 3. (a) A cantilever helical rod; (b) type of dynamic loads.
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Fig. 4. (a) Vertical displacement versus time at the free end for step load. (b) Shear force versus time at the fixed end for
step load. (c) Moment My versus time at the fixed end for step load. (d) Moment Mz versus time at the fixed end for step
load. (- - Static; - - - Quasi-Static (g = 0.02); — Elastic-Dynamic; —6— Viscoelastic (g = 0.02)).
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Fig. 5. (a) Vertical displacement versus time at the free end for sinusoidal impulsive load. (b) Shear force versus time at
the fixed end for sinusoidal impulsive load. (¢) Moment My versus time at the fixed end for sinusoidal impulsive load.
(d) Moment Mz versus time at the fixed end for sinusoidal impulsive load. (------ Static; - - - Quasi-Static (g = 0.02);
—— Elastic-Dynamic; —o— Viscoelastic (g = 0.02)).
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10. Discussions and conclusions

The quasi-static and dynamic response of cylindrical helical rods made of linear viscoelastic
materials are investigated in the Laplace domain in this study. In the viscoelastic material case,
according to the correspondence principle, the material constants are replaced with their complex
counterparts in the Laplace domain. Viscoelastic counterparts of both the Poisson ratio and
elasticity modulus are used in the formulation.

In the present study, the dynamic stiffness matrix has been calculated in the Laplace domain by
applying the complementary functions method to the differential equations in canonical form.
This provides great convenience in the solution of the physical problems having general boundary
conditions. Another advantage of using the complementary functions method-based solution is
that the helical rods with variable cross-section and geometry, which yield ordinary differential
equations having variable coefficients, can also be considered. The differential equations can be
solved by using the complementary functions method with sufficient accuracy as required with an
appropriate integration step-size.

The quasi-static and dynamic behaviour of cylindrical helical rods are investigated by using the
Kelvin model for viscoelastic materials. The dynamic behaviour of the viscoelastic helical bar will
disappear after some time, approaching the static state. The time to reach the static behaviour is
proportional to the damping coefficient. The damping effects in viscoelastic material reduce the
peak values of the dynamic response.
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